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ABSTRACT:

In this paper, we study the existence of nonoscillatory solution of first-order neutral dynamic equations with
delay and advance terms on Time Scales. Some sufficient conditions for the existence of positive solutions
are obtained. We use the Banach contraction principle to prove our results.
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I. INTRODUCTION
In this paper we consider a first-order neutral dynamic equation
[x(n) + R, (Mx(n—7,) + R, (n)x(n+7,)]" +Q (Nx(n-0;) +Q,(N)x(n+0,) =0 (1.1)

where B, P, e C([t,,«), R),Q,,Q, € C([t,,»),[0,x)),7,,7, >0, and o,,0, >0.

Let m=max{r,o,}.We give some new criteria for the existence of non-oscillatory solutions of (1.1).

Recently, the existence of non-oscillatory solutions of neutral differential equations and difference equations
have been investigated by many authors see books [1,2,9,11] and papers [5,6,8,10,12,13] and the references
contained therein.

The theory of time scales, which has recently received a lot of attention, was introduced by Stefan Hilger in
his Ph.D. Thesis [7] in order to unify continuous and discrete analysis. A time scale T is an arbitrary
nonempty closed subset of the reals, and scale is equal to the reals or to the integers represent the classical
theories of differential and of difference equations. Many other interesting time scales exist, and they give
rise to plenty of applications, among them the study of population dynamic models (see [3]). A book on the
subject of time scales by Bohner and Peterson [3,4] summarizes and organizes much of the time scale
calculus. A solution of the dynamic equation (1.1) is called eventually positive if there exists a positive
integer n,such thatx(n)>0for neN(n,).If there exists a positive integer n, such that x(n)<O0for

ne N(n,), then (1.1) is called eventually negative.

The solution of the dynamic equation (1.1) is said to be oscillatory if it is neither eventually positive nor
eventually negative. Otherwise, it is called nonoscillatory. We need the following important theorem to
prove out main results.

Theorem 1.1 (Banach’s Contraction Mapping Principle). A contraction mapping on a complete metric space
has exactly one fixed point.

. MAIN RESULTS

To show that an operator S satisfies the conditions for the contraction mapping principle, we consider
different cases for the ranges of the coefficients P; (t) andP,(t).
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THEOREM 2.1 Assume that 0<B(n)< p, <1L0<PR,(n)< p, <1-p, and

TQl(s)As < 0, TQZ(S)AS < (2.1)
o o

Then (1.1) has a bounded non-oscillatory solution.

Proof: Because of (2.1) we can choose n, > n,,
n, > n, + max{z, + o,} (2.2)

Sufficiently large such that

le(s)As <M, —% n>n, (2.3)
t 2

IQZ(S)ASSa_(lerl\rle)Mz_Ml,nan (2.4)
t 2

where M, and M, are positive constants such that
(p,+ P, )M, +M, <M,and ae((p,+p,)M,+M,;,M,).

Let |7 be the set of all real sequence with the norm|| x|l=sup|x(n)|<e.Thenl’ is a Banach space. We

define a closed, bounded and convex subset Q of I as follows

Q={xel’ M, <x(n)<M,,n=n.}.

Define a mapping S:Q — 1* as follows
a—-P(n)x(n-7)-P,(n)x(n+7,)

(Sx)(n) = +T [Q.(s)x(s—0oy) —Q,(S)X(s+o,)]Asn > n,,
(Stx)(nl), n<n<n

Obviously Sx is continuous. For n>n,. and x € Q,from (2.3) and (2.4), respectively, it follows that

(SX)(N)<a+ TQl(s)x(s —0,)As

a+MZTQ1(s)As

= a+ MZ(MKA_GJ
2
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S (SX)(n) < MZ_

Furthermore we have

(Sx)(n) 2 =R (Mx(n—7) - F,(N)x(n+7,) —TQZ(S)X(S +0,)As

\%

a-pM,-p,M, - szQz(S)AS
t

a_(p1+ pZ)MZ_Ml
M,

=a-pM, - pzMz_Mz[
~(Sx)(n) = M,
Hence
M, <(Sx)(n) <M, forn>n,
Thus we have proved that (Sx)(n) e Qfor any x e Q.

This mean that SQ <= Q. To apply the contraction mapping principle, the remaining is to show that S is a
contraction mapping onQ. Thus x,X, e Qand n<n,,

|(S%)(M) = (Sx,)(M) |
=l =R (Mx (n—7) =P (Mx,(n+7,)+ [[Q(S)X (s — ) ~Q, ()X, (s + 7,)]As

(a— R0 - 1)~ P (14 2,)+ [[QO)%(5— 0) ~ Qu ()%, 5+ 0, )1As)

<BM)|x(h—z)-XM-7)|+R,(M)| x(n+7,)—X(N+7,)]

+[ Q) % (5=0) =%, (s=0,) | As+ [ Q,(5) [ % (s +6,) — X, (5 +0,) | As
< P ||X1 _X2||+ P, ||X1 _X2||+J.Q1(S)”X1 _X2||AS+J.Q2(S)”X1 _X2||AS

(o oo fooms i n

M, — — M,-M
=£p1+p2+ Ii/IaJra (p1+|\F/)|2) ) 1]”)(1_)(2”
2 2

M,-M
()
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=A% =]

Where A, :1—%. This implies that

2

1(5%)(n) = (Sx,)(M)]| < A4 % =,

Thus we have to proved that S is a contraction mapping onQ. In fact x,x, e Qand n>n, we have

|(S%)(n) = (Sx,)(N)| < P() Xy (N—7) =X, (= 7)| < A [ %, = X,

Since 0< 4 <1. We conclude that S is a contraction mapping onQ. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). This completes the proof.

THEOREM 2.2. Assume that 0<B(n)<p, <L p,—-1<p,<PB,(n)<0 and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof: Because of (2.1),we can choose n, > n,sufficiently large satisfying (2.2) such that

JQl(S)AsSw’nan’ (25)
t N2
IQZ (s)As < %, n>n, (2.6)
t 2

Where N, and N, are positive constants such that
N, + pN, <@+ p,)N,anda € (N, + p,N,, 1+ p,)N,) .

Let |7 be the set of all real sequence with the norm|| x|l=sup|x(n)|<e.Thenl’ is a Banach space. We

define a closed, bounded and convex subset Q of I as follows

Q={xel’ N, <x(n)<N,,n=ny}.

Define a mapping S:Q — I as follows
a—-PRn)x(n—1z,)-PR,(n)x(n+7,)

() =1 +[QUOX(S— )~ Q(X(s + ,)]Asn >,
(Stx)(nl), n<n<n.

Obviously Sx is continuous. For n>n,. and x € QQ,from (2.5) and (2.6), respectively, it follows that

(S)(n) <a—-PR,(N)x(n+7,)+ TQl(s)x(s —0,)As
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<a-p,N,+ NzIQ1(S)AS
t

= a— p2N2 + Nz((l+ pZ)NZ_a]

N2
S (Sx)(n)< N,

Furthermore we have

(S9(M) > @~ BMX(n—1,) ~ [ Qu(5)X(5+ 5,)As
2 a—pN, - NzTQz (s)As
=a—-pN, - Nz(—a_ pllll\lz — Nlj

S (SX)(n) = N,

Hence

N, <(Sx)(n) <N,forn>n,

Thus we have proved that (Sx)(n) e Qfor any x e Q.

This mean that SQ = Q. To apply the contraction mapping principle, the remaining is to show that S is a
contraction mapping onQ. Thus x,x, eQandn<n,

|(Sx,)(n) = (Sx;)(n) |

= B, (= 7~ Py (1 + £) + [[Q(5)%,(5 - 0) ~ Qu(8), (5 + ) AS
—(a =P (nN)x,(n—7)-PR,(n)x,(n+7,)+ T[Ql(s)xz(s —0) —Q,(S)X, (s + O'z)]AS)|

<SP x(—7)=XM=7)|[+P,(n) | X (N+7,) =X, (N+7,)|

+[ Q) [ X%(5=07) = %,(s=07) [ A5+ [ Q,(8) | X, (5 + 0,) — X, (s +33) | As
< P ||X1 _X2||_ P, ||X1 _X2||+IQ1(S)||X1 _X2||AS+IQ2(S)”X1 _X2||AS

= [ P — P, +TQ1(S)AS + TQZ (S)Asj“)% =
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[ N B
N
(sl
=2 % =]

Where 4, :1—%. This implies that

2

I(5%)(n) = (Sx, )(M)]| < 4, [ %, — x|

Thus we have to proved that S is a contraction mapping onQ. In fact x,,x, e Qand n>n, we have

|(S%)(n) = (Sx,)(M)| < () %, (N = 7,) =X, (N=7,)| < A, %, =% |

Since 0< A, <1. We conclude that S is a contraction mapping onQ. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). This completes the proof.

Theorem 2.3. Assume that 1< p, <B(n)<p, <%,0<PR,(n)<p,<p, -1 and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof: In view of (2.1), we can choose n, >n,
n+7 2n,+o;, (2.7)

Sufficiently large such that

'[Ql(s)As < M, n>n, (2.8)
t M4

2 —p, M, —(L+ p,)M

IQZ(S)ASSa PM, ~(+P,) n>n (2.9)
t

M4
Where M, and M, are positive constants such that
M; + 1+ p,)M, < pM,and @ € (p, M, +(1+ p,)M,, pM,) .

Let |7 be the set of all real sequence with the norm|| x|l=sup|x(n)|<e.Thenl  is a Banach space. We

define a closed, bounded and convex subset Q of I:; as follows
Q={xel; :M;<x(n)<M,,n=n}.

Define a mapping S:Q — 1" as follows
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m{a— x(N+7)—F(n+7)x(N+7,+7,)

(99(M =+ [ [QEX(s-0) ~Qu()x(s+ 0, 1Askn >,

t+7y

(Sx)(n,),n, £n<n,.

Clearly Sx is continuous. For n>n,. and x € Q,from (2.8) and (2.9), respectively, it follows that

(Sx)(n) < m [a + i Q. (s)x(s— al)AsJ

1

= 1 o+ M4(—le4_QD
Py M,

S (SO < M,

Si( o+ |\/|4]2Q1(S)Asj
P t

Furthermore we have

(a—x(n+z)-P,(n+z)x(n+7,+7,)— T Q,(s)x(s +0,)As)

(Sx)(n) > ———
Pl(n+rl) t+7;
2# a—M4—pZM4—M4TQ2(s)As
R(n+7) t
1 o0
>—a—(1+ pz)M4_M4J‘Qz(S)ASJ
Py, t
-p.M, (1 M
R )
P, M,
(SX)(n) = M,
Hence
M, <(Sx)(n) <M, forn>n,

This we have proved that (Sx)(n) e Qfor any x e Q.

This mean that SQ = Q. To apply the contraction mapping principle, the remaining is to show that S is a
contraction mapping onQ. Thus x,,x, eQandn<n,,
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| (Sx,)(n) = (Sx,)(n) |
1
R(n+z)

{a-x,(n+7)-P(n+7)x(n+7, +7,)+ T [Q.(s)X,(s—0,) —Q,(S)X, (s + 0,)]As}

t+ry

—Lm{a—xz(ma)—Pz(n+r1)xz(n+r1+rz)+ | [Ql(s)xz(s—ol)—Qz(s)xz(smz)]As}]

t+ry

<
PR(n+z)

(Ix(n+7)=%M+7) [+P(n+7) [ X (N+7 +7,) =X (N+7,+7,) |

[ QO IX-0) 4 (s—a) A5+ [ Q) %(5+0,) ~X,(5+5,)|A5)

t+r t+n
1 o0 o0
<L lshe -l fool-xlos [0l 1))
1 t t
1 o0 o0
=S|t [Qs+] Qz(smsjllxl =%
1 t t
_ -p,M,—-(1 M
:i 1+p2+p1M4 0(+a plo 3 (+p2) 4 ||X1—X2||
pl M4 M4

L[ BB I )
M, 2

=[x =

p10M3 .. .
Where 4, =1——M This implies that

1" 4

(5%)(n) = (Sx,)(M)]| < A3 % =%,

Thus we have to proved that S is a contraction mapping onQ. In fact x,x, e Qand n>n, we have

|(S%)(n) = (Sx,)()| < () X, (N =7,) = X, (N=7,)| < Ay [ %, = X,

Since 0< A4, <1. We conclude that S is a contraction mapping onQ. Thus S has a unique fixed point
which is a positive and bounded solution of (1.1). This completes the proof.

THEOREM 2.4. Assume that 1< p, <B(n) < p, <ol-p <p,< P,(n) <0 and (2.1) hold, then (1.1) has a
bounded non-oscillatory solution.

Proof: In view of (2.1), we can choose n, > n,sufficiently large satisfying (2.7) such that

TQl(s)Ass (Pt p|<|)N4—a,nan1 (2.10)

4
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_ b N.—
p1°N3 2 n>n, (2.11)

4

Jo,oms <

Where N, and N, are positive constants such that
P, N3+ N, <(p+ p)Nyand o e (p, N3 + N, (p,+ p,)N,) -

Let |7 be the set of all real sequence with the norm|| x|l=sup|x(n)|<e.Thenl’ is a Banach space. We
define a closed, bounded and convex subset Q of I as follows

Q={xel :N;<x(n)<N,nxn}.

Define a mapping S:Q — I as follows

m{a— X(n+7) =P, (n+7)x(n+7,+7,)

(99(M =+ [ [QEX(s-0) ~Qu()x(s+ 0, 1Askn >,

t+7y

(Sx)(n,),n, £n<n,.

Clearly Sx is continuous. For n>n, and x e Q,from (2.10) and (2.11), respectively, it follows that

(Sx)(n) S#[a—Pz(n+r1)x(n+rl+rz)+ T Ql(s)x(s—al)Asj
R(n+7)

t+ry

(a p,N, +N .[Ql(S)ASJ

(Of p2N +N (p1+p2)N4_ajJ
N4

~ (S < N,

Furthermore we have

t+z;

(SX)(n) = m[a _x(n+7)— ]0 Q,(S)X(s + az)AsJ

zi[a— N, — NATQZ(S)ASJ
Py, t
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—p,N,-N
_1 WNFN{M)
P, N,

S (Sx)(n) = N,

Hence
N, <(Sx)(n)<N,forn=n,
This we have proved that (Sx)(n)e Qfor any xe Q.

This mean that SQ < Q. To apply the contraction mapping principle, the remaining is to show that S is a
contraction mapping onQ. Thus x,Xx, eQandn<n,,

| (Sx,)(n) = (Sx,)(n) |
1

Fr @)= Pz(n+T1)X1(n+Tl+Tz)+i[Q1(3)X1(5—61)—QZ(S)X1(5+0'2)]A5}

—[m{a—xz(nm)— Pz(n+r1)xz(n+r1+r2)+i[Q1(s)xz(s—ol)—Qz(s)xz(smz)]As}]

S—F’l(nﬂl) (Ix(n+7)=x+7) [+P,(n+7) | X (N+7,+7,) =X, (N+7,+7,) |

[ QO IX-0) X (-0 |85+ [ Q) %(5+0,) - X,(5+5,)|A5)

t+r t+g
1 o0 0
<2 bl lx —x+ [QE) x4 —x]as+] o.z(s>||x1—x2||Asj
1 t t
1 o0 o0
L1 b, Jaoms-fooms s x
1 t t
_ —p,N,—N
N
P 4 4
1(PN,—pN
=— MJ”&_XZ”
Py N,
=[x =%
N
where 4, =1- P s implies that

1" 74

(5%)(n) = (Sx, )(M)]| < A, %, =,

Thus we have to proved that S is a contraction mapping onQ. In fact x,,x, e Qand n>=n, we have
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|(8%)(n) = (Sx,)(M)| < () X, (N =7,) = X, (N=7,)| < A, %, =% |

Since

0< 4, <1. We conclude that S is a contraction mapping onQ. Thus S has a unique fixed point

which is a positive and bounded solution of (1.1). This completes the proof.

10.

11.
12.

13.

14.

15.

REFERENCES

R.P. Agarwal, M. Bohner, S.R. Grace, D.ORegan, Discrete Oscillation Theory, Hindawi  Publishing Corporation, 2005.
R.P. Agarwal, M. Bohner, S.R. Grace, D.O’Regan; Oscillation Theory for Difference and Functional Differential
Equations, Kluwer Academic, (2000).

M.Bohner and A.Peterson, Dynamic Equations on time Scales: An introduction with Applications, Birkhuser, Boston,
2001.

M.Bohner and A.Peterson, Advances in Dynamic Equations on Time Scales, Birkhuser, Boston, 2003.

T.Candan, Existence of non-oscillatory solutions of first order nonlinear neutral differential equations, Appl. Math. Lett.,
26(2013),1182-1186.

Tuncay Candan, Existence of non-oscillatory solutions to first-order neutral differential equations, Electron. J.Diff.Equ.,
V/0l.2016(2016),No.39,pp.1-11.

S.Hilger, Analysis on measure chains-a unified approach to continuous and discrete calculus, Results
Math.,18:1856,1990.

Sharma m.K.,Bansal K.K.: A Comparative Study of Reliability Analysis of a Non-Series Parallel Network, International
Journal of Education and Science Research Review (2015) pp 13-21

M.K.Sharma, K.K.Bansal, “Fuzzy Analysis Of Shortest Job First” International Journal of Engineering Research &
Management Technology, May-2015 Vol-2 Issue-3

CJJinfa, Existence of a non-oscillatory solution of a second-order linear neutral difference equation, Appl. Math. Lett.
20(2007), pp.892-899.

J.Hale, Theory of Functional Differential equations, Vol. 3, Applied Mathematical Sciences, Springer, 2™ edition, 1977.
M.R.S. Kulenovic and S.Hadziomerspahic, Existence of non-oscillatory solution of second order linear neutral delay
equation, Journal of Mathematical Analysis and Applications, VVol.228, no.2,436-448,1998.

S.H. Saker, Oscillation theory of delay differential and difference equations second and third orders, Lambert Academic
Publishing (2010).

Y.H. Yu, H.Z. Wang, Non-oscillatory solutions of second-order nonlinear neutral delay equations, J.Math.
Anal.Appl.311(2005),445-456.

Yong Zhou, Existence for non-oscillatory solutions of second order nonlinear differential equations, J.Math. Anal.
Appl.331(2007),91-96.

Copyright@ijermt.org Page 11



